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Characterization and Analysis of Magnetorheological
Damper Behavior Under Sinusoidal Loading
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The hysteresis behavior of a linear stroke magnetorheological damper is characterized for several magnetic
� elds and sinusoidal excitations over a nominal operational frequency range of 1.0–3.0 Hz. The behavior of the
damper is inadequately modeled using the equivalent viscous damping and the complex modulus. Therefore, four
different nonlinearmodeling perspectives are discussed for purposes of system identi� cation procedures, including
the 1) nonlinearBingham plastic model, 2) nonlinear biviscous model, 3) nonlinearhysteretic biviscous model, and
4) nonlinear viscoelastic plastic model. The � rst three nonlinear models are piecewise continuous in velocity. The
fourth model is piecewise smooth in velocity. The parameters for each model are identi� ed from an identi� cation
set of experimental data; these parameters are then used to reconstruct the force vs displacement and the force
vs velocity hysteresis cycles for the respective model. Model performance is evaluated by calculating equivalent
viscous damping and force time history errors between the model � t and the experimental data. In addition to the
identi� cation study, a validationstudy was done. Model parameters were calculated for offset values of current and
frequency. These intermediate parameters were used to calculate hysteresis cycles, which were compared with a
second set of experimental data, a validationdata set. Identi� cation and validationstudy results including damping
levels and force time history errors.

Nomenclature
a.t/ = acceleration input to damper shaft
Ceq = equivalent (linearized) viscous damping
Cpo = postyield viscous damping [nonlinear

hysteretic biviscous (NHBV)]
Cpr = preyield viscous damping (NHBV)
Cve = preyield viscoelastic damping [nonlinear

viscoelastic plastic (NVEP)]
Cvi = postyield viscous damping (NVEP)
E = energy dissipated by damper
Fc = yield force constant (NVEP)
Fy = yield force (NHBV)
f .t/ = force measurement
I = applied current
Kve = preyield viscoelastic stiffness (NVEP)
K ¤ = damper complex stiffness
K 0 = damper in-phase or storage stiffness
K 00 = damper quadrature or loss stiffness
Sc = yield force shape function
Sve = preyield viscoelastic shape function
Svi = postyield viscous shape function
v.t/ = velocity input to damper shaft
vy = yield velocity
v0 = zero force velocity intercept
v1 = compressiveyield velocity
v2 = tensile yield velocity
X0 = sinusoidal displacement amplitude
x.t/ = displacement input to damper shaft
²c = yield force shape function parameter (NVEP)
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²y = yield shape function parameter (NVEP)
Ä = frequency of sinusoidal damper excitation

I. Introduction

E LECTRORHEOLOGICAL (ER) and magnetorheological
(MR) � uids belong to the class of smart materials that have the

unique ability to change properties when electric or magnetic � eld
is applied.When � eld is applied to an ER or MR � uid, this change is
primarily manifested as a substantial increase in the dynamic yield
stress of the � uid, while the viscosity remains relatively constant.1

When compared to ER � uids, MR � uids have superior proper-
ties, including an order of magnitude higher yield stress, typically
50–100 kPa, and a much wider operationaltemperature range, typi-
cally ¡40 to 150±C. High payoff can result by applying these mate-
rials in dampers for aerospacesystems such as the lag mode damper
for stability augmentationof helicopter rotor systems,2 dampers for
landinggear to enhancecrashworthiness,3;4 and shockand vibration
isolation mounts for avionics packages.

A critical element in the design of such systems is the evaluation
of systemdynamicsvia simulation,forwhich thenonlinearbehavior
of the semiactiveER/MR dampermust be properlyrepresented.The
damper model also plays an important role in the choice of the con-
trol strategy for a given application.Some of the existing semiactive
control strategies assume a linear damper model (a purely viscous
element or a Kelvin chain) with � eld-dependentcoef� cients.5;6

There are several potential pitfalls in assuming a linear damper
model for the MR damper. The major problemwith the linearmodel
is the inability to capture the nonlinear dynamic behavior, or nonel-
liptical force vs displacement hysteresis cycle, exhibited during si-
nusoidal excitations. Linear models can predict equivalent viscous
energydissipationbut areunableto predictforce response.Although
the damping is modeledwell, these linearmodels representthe force
response of the MR damper as a dashpot with a constant value for
damping. However, the MR damper operates in two distinct re-
gions, low speed and high speed, each with its own distinct value of
damping.

Other problems with using a linear model to describe nonlin-
ear dampers are discussed by Kunz,7 as applied to helicopter lag
dampers. The behavior of a lag damper is dependent upon ampli-
tude and frequencyof motion. These factors cause nonlinearitiesin
the damper behavior, which linear models such as the equivalent
viscous damping and the complex modulus cannot capture. An-
other drawback to the equivalent viscous damping and the complex
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modulus is that they are frequencydependent;therefore,these linear
models can only be used to predict the steady-state response of a
linear damper.8 Presented in this paper is a comparative analysis of
models that can be used to describeER/MR damper behavior in this
context for steady state sinusoidal excitation.

We present four mechanisms-based modeling perspectives with
which to analyze the nonlinear damper behavior: 1) the Bingham
plastic model,9;10 2) the nonlinear biviscous model,11;12 3) the non-
linear hysteretic biviscous model,13 and 4) the nonlinear viscoelas-
tic plastic model.8;14;15 In these models force vs velocity damper
behavior is extrapolated from analogous shear stress vs shear rate
constitutive behavior of ER/MR � uids. The � rst three models are
piecewise continuous in velocity. These models increase in com-
plexityby addingprogressivelymore parameters.The fourthmodel,
the nonlinear viscoelasticplastic model, is piecewise smooth in ve-
locity. The nonlinear hysteretic biviscous model can be used to mo-
tivate our nonlinear viscoelastic plastic model8;14;15 and to improve
the parameter optimization procedures used to identify its param-
eters. Other generalized hysteresis models have been proposed for
MR dampers of this type, such as Bouc–Wen hysteresis model.16;17

However, our objective is to improve understandingof force vs dis-
placement and force vs velocity damper behavior by developing a
mechanisms-basedmodeling perspective.

Along with characterizing the behavior of the MR damper based
on experimental data, we will demonstrate the ability of the nonlin-
ear hysteretic biviscous and the nonlinear8;14;15 viscoelastic plastic
models to capture both the force vs displacement and force vs ve-
locity behavior of the damper over its entire operatingrange. Model
parameters for each of the four models are identi� ed using an ex-
perimental data set. These parameterswere used to both reconstruct
the hysteresis cycles, which are compared with the experimental
data from the identi� cation data set, and to interpolate values for
the model parametersfor different frequenciesand applied currents.
The identi� ed model is then validatedusing a secondvalidationdata
set. Interpolated model parameters are used to reconstruct the hys-
teresis cycle data in the validation set. Again, the error between
predicted and measured damping and force time histories is calcu-
lated. This allows an assessment of the model performance for data
not used in its identi� cation.

A systematic procedure with which to analyze the hysteresis be-
havior caused by steady-state sinusoidalexcitationof MR dampers.
Because the rheological behavior of ER � uids is qualitatively sim-
ilar to that of MR � uids,18 these results can also be extended to
ER dampers. We will evaluate the performance of these models by
comparing model identi� cation and predictions with experimental
force vs displacement and force vs velocity hysteresis cycle data.

II. Damper Testing
The magnetorheological(MR) linear stroke damper used for this

study is a commercially available truck seat damper manufactured
by theLord Corporation.This damperwas chosen in order to present
a case study that can easily be replicated. A schematic of the nom-
inal MR damper is shown in Fig. 1a. The hydraulic cylinder of the
damper is nominally 102 mm (4 in.) in length and 45 mm (1.75 in.)
in diameter. As shown in Fig. 1a, the hydraulic cylinder houses the
damper piston, in which is mounted a magnetic circuit. At the base
and inside the hydraulic cylinder is a nitrogen accumulator that is
used to pressurize the approximately 50 ml of MR � uid to above
atmospheric pressure. This is a standard technique used to prevent
cavitationon the low pressureside of the pistonwhile it is in motion.
The MR � uid � ows through an annular ori� ce in the piston head,
where it can be activatedby a currentapplied to the magneticcircuit.
Additionaldiscussionsof this damper are given by Dyke et al.16 and
Spencer et al.17

The MR damper was tested in order to determine steady-state
characteristics for sinusoidal velocity inputs. Testing of the MR
damper was done at varying frequencies and magnetic � elds, thus
creating two separate test matrices. The � rst data set was used to
identifymodelparameters.The identi� cationdatawere collectedus-
ing applied currents in the range of 0–1.0 A in increments of 0.2 A,
with a sinusoidalexcitationof the damper shaft througha frequency
range of 1.00–3.00 Hz in increments of 0.25 Hz. To create a mag-

Table 1 Tested 54 unique operating conditions to create
an identi� cation data set

Sinusoidal frequency Ä, HzApplied
current
I , A 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00

0 £ £ £ £ £ £ £ £ £
0.2 £ £ £ £ £ £ £ £ £
0.4 £ £ £ £ £ £ £ £ £
0.6 £ £ £ £ £ £ £ £ £
0.8 £ £ £ £ £ £ £ £ £
1.0 £ £ £ £ £ £ £ £ £

Table 2 Tested 48 unique operating conditions to create
a validation data set

Sinusoidal frequency Ä, HzApplied
current
I; A 1.125 1.375 1.625 1.875 2.125 2.375 2.625 2.875

0 £ £ £ £ £ £ £ £
0.1 £ £ £ £ £ £ £ £
0.3 £ £ £ £ £ £ £ £
0.5 £ £ £ £ £ £ £ £
0.7 £ £ £ £ £ £ £ £
0.9 £ £ £ £ £ £ £ £

Fig. 1a Cross section of the Rheonetics SD-1000-2 MR damper. Cour-
tesy of Lord Corporation.

Fig. 1b Mechanical damper dynamometer used for damper testing.

netic � eld inside the damper, electric current is used to activate a
magnetic circuit. Measurements of magnetic � eld applied to the
damper are not available; hence, applied current is used to gauge
magnetic � eld strength.The validation,or second,data set is used to
validate the hysteresiscycles reconstructedfrom interpolatedmodel
parameters of the nonlinear hysteretic biviscous and the nonlinear
viscoelastic plastic models. For this test matrix the damper was
tested using current ranging from 0–0.9 A in increments of 0.2 A.
The frequenciestested for the validationdata set range from 1.125–

2.875Hz in incrementsof 0.25 Hz. The test conditionsfor the identi-
� cation and validation experimentalmatrices are shown in Tables 1
and 2, respectively.
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MR damper testing was done using a 5-hp Roehrig Engineering
mechanicaldamperdynamometer,as shown in Fig. 1b. A sinusoidal
shaft displacement of 25.4-mm (1-in.) amplitude, measured using
a linear variable differential transformer, was used to excite the
dampers and the resulting force was measured using a load cell.
The resulting force vs displacementand force vs velocityhysteresis
cycles were measured for every test condition in each test matrix.
Applied current, and hence magnetic � eld, was controlled using a
power supply, which provided current to the electromagnet inside
the damper.

III. Filtering of Data
During each test, nominally one cycle of force vs displacement

data was measured, and the force vs velocity hysteresis cycle was
calculated.

Calculatingthe velocityand accelerationsignalsusinga � nite dif-
ferencemethod tended to accentuatenoise, especiallyin the acceler-
ation signal. Instead, the velocity and acceleration were calculated
by differentiating a Fourier-series expansion. A periodic Fourier
series was used to minimize the effects of this noise in the input
displacement signal and the subsequent differentiations to obtain
the input velocity and acceleration signals.19

The force signal was not � ltered because the damper response
was nonlinear and it could not be determined a priori exactly which
harmonics contributed to the damper response and/or noise. There-
fore, we conservativelyused the measured (un� ltered) force data in
both the model parameter identi� cation and prediction studies.

IV. Experimental Results
Typical � ltered hysteresis data is shown in Fig. 2. The force vs

displacement [ f .t/ vs x.t/] and the force vs velocity [ f .t/ vs v.t/]

a) Force vs displacement

b) Force vs velocity

Fig. 2 Hysteresis cycles for the MR damper for sinusoidal excitation
at 2 Hz.

hysteresis cycles show applied currents of 0.2, 0.4, 0.6, and 1.0 A
at a frequency of Ä D 2:00 Hz.

As shown in Fig. 2a, as the applied current to the electromag-
net is increased the magnetic � eld increases, and hence the amount
of damping also increases, which is represented by the increasing
area enclosed by the force vs displacement hysteresis cycle. The
Bingham plastic-like behavior20;21 of the MR damper can be seen
in the force vs velocity hysteresis cycles as shown in Fig. 2b. Con-
sider the high-velocityasymptote of an individual force vs velocity
hysteresis cycle. If this asymptote is projected back to the force
axis, this intercept gives the value of the yield force Fy . It is easily
seen that this yield force increases as the applied current (magnetic
� eld) increases. When the damper restoring force is less than this
yield force, the damper is said to be operating in the preyield region.
When the restoring force is greater than the yield force, the damper
is said to be operating in the postyield region. The yield transition
occurs as the damper restoring force transitions through the yield
force value.

V. Linear Damper Models
A. Equivalent Viscous Damping

Equivalent viscous damping is a standard linearizationtechnique
that could be applied to a nonlineardamper such as this MR damper.
Here, thedamperrestoringforce f .t/ is proportionalto dampershaft
velocity v.t/ as

f .t/ D Ceqv.t/ (1)

The equivalentviscousdamping Ceq is computedby equating the
energy dissipated over a cycle E at frequency Ä using

E D F.t/ dx D
2¼=Ä

0

F .t/v.t/ dt (2)

and equating the dissipatedenergy of the nonlineardevice to that of
an equivalent viscous damper:

Ceq D E ¼ÄX2
0 (3)

The energy dissipated over one cycle is computed using the trape-
zoidal rule. The equivalent viscous damping is calculated using
Eq. (3) for each test case. The results from the identi� cation set
are shown in Fig. 3. As a result of this characterizationprocedure,
the damper is linearized to be an ideal dashpot at every operating
condition so that Ceq is a function of both the input current I and
the displacement amplitude X0.

B. Complex Modulus
A second linear characterization approach is to characterize the

complex damper stiffness K ¤ as the in-phaseor storage stiffness K 0

Fig. 3 Equivalent viscous damping is plotted vs applied current for
several tested frequencies.
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and quadrature or loss stiffness K 00 so that

K ¤ D K 0 C j K 00 D K 0.1 C j´/ (4)

where ´ is the loss factor. This is a common approach in the charac-
terization of elastomeric dampers.2;22¡24 To determine the damper
force,

f .t/ D Fc cos Ät C Fs sin Ät

D K 0x.t/ C .K 00=Ä/v.t/ (5)

Here Fc and Fs are the cosine and sine Fourier coef� cients of f .t/
at frequency Ä. We assume that the displacement is sinusoidal:

x.t/ D Xc cos Ät C Xs sin Ät (6)

where X c and Xs are the cosine and sine Fourier coef� cients of
x.t/ at frequency Ä. Substituting x.t/ into the force equation and
equatingthe sineandcosinetermsyieldsthe in-phaseandquadrature
stiffnesses as

K 0 D
Fc X c C Fs Xs

X 2
c C X2

s

; K 00 D
Fc X s ¡ Fs X c

X2
c C X2

s

(7)

The storage stiffness K 0 is sometimes called the effective or equiv-
alent stiffness. The loss stiffness K 00 is approximately related to the
equivalent viscous damping by

Ceq ¼ K 00=Ä (8)

The relationis approximatebecausethe complex stiffnessconsiders
only the harmonic of the force at frequencyÄ, whereas the equiva-
lent damping considers all harmonics of the force.

Fig. 4a Storage stiffness K 0 vs applied current.

Fig. 4b Quadrature stiffness K 0 0 vs applied current.

The estimated values for the equivalent stiffness and the loss
stiffness for varying � elds and shown in Figs. 4a and 4b. The damp-
ing and stiffness values increase as a quadratic function of the
� eld.

VI. Nonlinear Damper Models
We discuss four perspectives with which to describe the behav-

ior of the MR damper for oscillatory sinusoidal loading condi-
tions:1)nonlinearBinghamplasticmodel,9;10 2)nonlinearbiviscous
model,11;12 3) a nonlinear hysteretic biviscous model, and 4) non-
linear viscoelastic plastic model.8;14;15 The � rst three models are
piecewise continuous in velocity, and the fourth model is piecewise
smooth in velocity.

A. Bingham Plastic Model
By adding a yield force to a linear damping model, the nonlin-

ear Bingham plastic model results. This shear � ow mechanism has
been used to developpredictivemodels assumingboth parallel plate
geometry25¡27 or axisymmetricgeometry.20;21;28 Yield force Fy and
postyield damping Cpo are included in the model. A schematic of
this model is shown in Fig. 5a.The equationsdescribingthis damper
model are

f .t/ D
Cpov C Fy v > 0

¡Fy < f .t/ < Fy v D 0

Cpov ¡ Fy v < 0 (9)

a) Nonlinear Bingham plastic

b) Nonlinear biviscous

c) Nonlinear hysteretic biviscous

Fig. 5 Schematics of piecewise continuous nonlinear damper models.
The idealized model force vs velocity behavior is represented by a – – –,
whereas the —— is representative of actual damper behavior.
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The nonlinear Bingham plastic model is often expressed as

f .t/ D Fy sign[v.t/] C Cpov.t/ (10)

The modelassumesthat in thepreyieldconditionthematerial is rigid
and does not � ow; hence, when j f .t/j < Fy the shaft velocityv D 0.
Once the force applied to the damper exceeds the yield force, then
the � uid begins to � ow, and the material is essentially a Newtonian
� uid with a nonzero yield stress, as shown in Fig. 5a. In this damper
model the yieldforce is obtainedfrom thepostyieldforcevs velocity
asymptote intercept with the force axis, as shown in Fig. 5a.

B. Nonlinear Biviscous Model
Rather than assuming that the MR � uid is rigid in the preyield

condition, we adopt the nonlinear biviscous model developed by
Stanway et al.,11 where it is assumed the MR � uid is plastic
in both the preyield and the postyield conditions. However, the
preyield damping Cpr should be assumed to be much greater than
the postyield damping Cpo or Cpr > Cpo . In this damper model the
yield force is still represented by the postyield force vs velocity
asymptote intercept with the force axis, as shown in Fig. 5b. The
advantageof a plastic preyieldmechanism is that it accounts for the
preyield damping portionof the typicalviscoelasticpreyield behav-
ior of an ER or MR � uid. Versions of this model have been adopted
to analyze leakage in ER dampers.12;29 The equations describing
this model are

f .t/ D
Cpov C Fy v ¸ vy

Cprv ¡vy ¸ v · vy

Cpov ¡ Fy v · ¡vy (11)

where the yield velocity is given by

vy D Fy=.Cpr ¡ Cpo/ (12)

C. Nonlinear Hysteretic Biviscous Model
Based on damper behavior observed during testing, the force

vs velocity behavior shows a distinct preyield hysteresis. A four-
parameter nonlinear hysteretic biviscous model that has a clear
physical motivation is introduced. The nonlinear hysteretic bivis-
cous model is an extension of Stanway et al.’s nonlinear biviscous
constitutivemodel11 with an improvedrepresentationof the preyield
hysteresis.The preyieldhysteresisis modeledby addinga fourthpa-
rameter, that is, the zero force velocity interceptv0 to the three prior
parameters: the preyieldviscousdamping Cpr, the postyieldviscous
damping Cpo , and the yield force Fy . The equations of the piece-
wise continuousnonlinear hysteretic biviscous model, schematized
in Fig. 5c, are

f .t/ D

Cpov ¡ Fy v · ¡v1 Pv > 0

Cpr.v ¡ v0/ ¡v1 · v · v2 Pv > 0

Cpov C Fy v2 · v Pv > 0

Cpov C Fy v1 · v Pv < 0

Cpr.v C v0/ ¡v2 · v · v1 Pv < 0

Cpov ¡ Fy v · ¡v2 Pv < 0 (13)

where we have introducedthe compressiveyield velocityv1 and the
tensile yield velocity v2, given by

v1 D
Fy ¡ Cprv0

Cpr ¡ Cpo
; v2 D

Fy C Cprv0

Cpr ¡ Cpo

(14)

The hysteresis cycle is separated into two groups of equations.The
� rst group of three equations are for positive acceleration,whereas
the second three are for negative acceleration.

D. Nonlinear Viscoelastic Plastic Model
As shown by the experimental force vs velocity hysteresis cy-

cle data in Fig. 2b, there are two distinct rheological domains over
which the dampers operate: the preyield and postyield regions.The
preyield region exhibits a strong hysteresis, which is typical of a
viscoelasticmaterial. The postyield region is plastic with a nonzero
yield force, as in the nonlinearBingham plastic, biviscous,and hys-
teretic biviscous models. The yield force varies as a function of the

Fig. 6 Schematic of the nonlinear viscoelastic plastic model used to
represent MR damper behavior.

a) Viscoelastic mechanism Lve in the preyield branch of the model

b) Viscous mechanism Lvi in the postyield branch of the model

Fig. 7 Mechanisms used in the viscoelastic plastic model.

applied current (magnetic � eld), as observed from Fig. 2. We now
describe the structure of the nonlinear viscoelastic plastic model, a
block diagram of which is depicted in Fig. 6.

1. Preyield Mechanism
The Kelvin chain element shown in Fig. 7a is used as the mechan-

ical analog representing the viscoelastic behavior of the damper
in the preyield region. The differential equation representing this
mechanism in the time domain is

fve.t/ D Kvex.t/ C Cvev.t/ (15)

Here fve is the viscoelasticcomponentof the damper force.The non-
linear shape function Sve is the preyield switching function, which
along with an analogouspostyieldswitching function Svi effects the
smooth transition from the preyield phase to the postyield phase.
The function Sve is dependenton the yield velocityvy that is chosen
during the estimation process. Sve is given by

Sve.v/ D 1

2
1 ¡ tanh

jvj ¡ vy

4²y

(16)

where v.t/ is the instantaneous velocity, and ²y is a smoothening
parameter.Thus, the force componentcaused by the preyieldmech-
anism is given by

fpr.t/ D Sve.v/ fve.t/ (17)

2. Postyield Mechanism
In postyield the damper clearly behaves as a viscousdamper with

a nonzeroyield force. The postyield mechanical analog, denotedby
Lvi in Fig. 6, is the viscousmechanism, which can be representedas
a damper in Fig. 7b. Thus, the postyield force componentis givenby

fvi D Cviv.t/ (18)

Svi is similar to the shape function Sve , where Svi acts as a switch-
ing function to turn on the postyield viscous mechanism when the
damper crosses the yield point. It is given by

Svi.v/ D 1

2
1 C tanh

jvj ¡ vy

4²y

(19)
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Thus, the force component caused by the postyield mechanism is
given by

fpo.t/ D Svi.v/ fvi.t/ (20)

3. Yield Force
The yield force Fc is a function of the applied � eld and is the

� eld-dependent parameter that provides the damper with its semi-
active capabilities. The Coulomb force or yield force effect seen
in the damper behavior at low velocity are described using the
yield force parameter Fc and the shape function Sc as given by the
equation

Sc.v/ D tanh.v=4²c/ (21)

where v.t/ is the velocityamplitudeand ²c is the smootheningfactor
that ensures smooth transition from the negative to positive veloci-
ties and vice versa. The force component caused by the yield force
is given by

fc.t/ D Sc.v/Fc (22)

4. Mechanisms-Based Model
For a sinusoidal displacement input the force output of the non-

linear viscoelastic plastic model is written as

f .t/ D fpr.t/ C fpo.t/ C fc.t/

D Sve.v/ fve C Svi.v/ fvi C Sc.v/Fc (23)

a) Preyield damping

b) Postyield damping

c) Zero force velocity intercept

d) Yield force

Fig. 8 Four parameters of preyield damping Cpr, postyield damping Cpo, zero force velocity intercept v0, and yield force Fy are plotted vs applied
current for the linear stroke MR damper.

or, the total force is a nonlinearcombinationof the forces from each
of the linear mechanisms.

The viscoelastic-plasticmodel combines linear mechanisms us-
ing nonlinearshape functions.In addition,thepreyieldandpostyield
mechanical analogs, the shape functions, the yield force effect, and
nonlinearcombinationof these component forces to obtain the total
predicted force, are based on observed damper behavior.

VII. Parameter Identi� cation
The parameters associatedwith the nonlinear damper models are

identi� ed by minimizing the mean squared error between the mea-
sured force and the force predicted by the model, subject to con-
straints that the parameters be positive. The model parameters are
determined only from the identi� cation data set. These procedures
are brie� y described next.

A. Nonlinear Hysteretic Biviscous Model
The parametersof the threepiecewisecontinuousmodelsCpr ,Cpo,

Fy , and v0 were identi� ed as a functionof applied current (magnetic
� eld) and frequency,usinga constrainedleast-mean-squared(LMS)
error minimization procedure using MATLAB® subroutines. Only
a single optimization procedure is required to identify the param-
eters of the nonlinear hysteretic biviscous model, the parameters
of which are used for all three nonlinear models: Bingham plastic,
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biviscous, and hysteretic biviscous. A cost function J was de� ned
as

J .Cpr; v0; Cpo; Fy/ D
N

k D 1

[ f .tk / ¡ Of .tk /]2 (24)

where Of .tk/ is the force calculatedusing the equationsof the nonlin-
ear hysteretic biviscous model from Eq. (13), f .tk / is the measured
force, and tk is the time at which the kth sample was taken. The
four parameters of Cpr , Cpo, Fy , and v0 are estimated so as to mini-
mize the cost function J . The values of Cpr , Cpo , Fy , and v0 are all
constrained to be greater than zero, and Cpr > Cpo . The parameter
optimizationis performedon each test case of the identi� cationdata

a) Preyield damping Cve

b) Preyield stiffness Kve

c) Yield velocity vy

d) Yield parameter y

e) Yield force Fy

f) Yield force parameter c

g) Postyield damping Cvi

Fig. 9 Parameters of the nonlinear viscoelastic plastic model are plotted vs applied current.

set. In Fig. 8 the four parametersof preyielddamping Cpr, postyield
damping Cpo, zero force velocity intercept v0, and yield force Fy

are plotted vs applied current.

B. Nonlinear Viscoelastic Plastic Model
The parameters of the nonlinear viscoelastic plastic model Cve,

Kve, Cvi, Fc , vy , ²y , and ²c are functions of both applied � eld and
frequency. In this case the cost function J was de� ned as

J .Cve; Kve; vy; ²y; Fc; ²c; Cvi/ D
N

k D 1

[ f .tk / ¡ Of .tk /]2 (25)

where Of .tk / is the force calculated using the equations of the non-
linear viscoelasticplastic model, f .tk / is the measured force, and tk
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is the time at which the kth sample was taken.The seven parameters
of the model are estimated so as to minimize the cost function J
and are constrainedto be greater than zero.The parameteroptimiza-
tion is performed for each tested condition of applied current and
frequency.

An important problem is selecting the initial conditions for the
optimizer.These initialconditionsarebasedon the valuescalculated
from the nonlinear hysteretic biviscous parameter optimization:

Cvi D Cpo; Fc D Fy; vy D v0 (26)

The initial conditions for the smoothening parameters ²c and ²y

were typically chosen to be values between 0 and 10 depending on
the testcase.Initialconditionsof thepreyieldmechanismparameters
Kve and Cve were selected to be a small positive number and zero,
respectively.InFig. 9 the sevenparametersof the viscoelasticplastic
model plotted vs applied current.

VIII. Parameter Identi� cation Results
The parameters obtained from the optimization procedure are

used in their respectivemodels to reconstructhysteresis cycles. The
force vs displacementand the force vs velocity cycles reconstructed
from the parameters are then compared with the experimental data
in the identi� cation set.

A. Piecewise Continuous Models
The model parameters are used to reconstruct the force vs dis-

placement and force vs velocity hysteresis cycles for each of the
three piecewise continuous models. Figures 10–12 show the re-
constructed hysteresis cycles using the optimized parameters for

a) Bingham plastic force vs displacement

b) Bingham plastic force vs velocity

Fig.10 Binghamplasticmodelreconstructions shownwith experimen-
tal data. Test cases shown are I = 0 2 1 0 A; X = 2 00 Hz.

a) Biviscous force vs displacement

b) Biviscous force vs velocity

Fig. 11 Nonlinear biviscous model reconstructions shown with exper-
imental data for test cases I = 0 2, 1.0 A; X = 2 00 Hz.

the nonlinear Bingham plastic, nonlinear biviscous, and the nonlin-
ear hysteretic biviscous models. Applied currents of I D 0:2 and
1.0 A at a frequency of Ä D 2:0 Hz are shown for each of the
models.

For the nonlinearBingham plasticmodel the comparisonof mod-
eled and experimental force vs displacement shown in Fig. 10a, the
force vs velocity is shown in Fig. 10b. By adding a yield force to the
postyield viscous damping, the Bingham plastic model accurately
represents the postyield force vs velocity behavior. However, the
rigid preyield characteristic is not representative of the measured
preyield behavior.

For the nonlinear biviscous model the comparison of force vs
displacement and force vs velocity is shown in Figs. 11a and 11b,
respectively. The rigid preyield of the Bingham plastic model is
replaced by a viscous preyield mechanism in order to have a more
realistic preyield behavior. However, the preyield force vs velocity
hysteresis is still not captured by this model.

For the nonlinear hysteretic biviscous model the force vs dis-
placement and force vs velocity hysteresis cycles are shown in
Figs. 12a and 12b. Of the piecewise continuous models the nonlin-
ear hysteretic biviscous model most accurately represents the force
vs velocity behavior, including the preyield hysteresis. The force
vs displacement behavior is equally well represented by all of the
piecewise continuous models.

B. Piecewise Smooth Model
The optimized parameter values are used to reconstruct the force

vs displacementand force vs velocityhysteresiscycles for all of the
tested conditions of the identi� cation set. Shown in Figs. 13a and
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a) Hysteretic biviscous force vs displacement

b) Hysteretic biviscous force vs velocity

Fig. 12 Hysteretic biviscous model reconstructions shown with exper-
imental data for test cases I = 0 2, 1.0 A; X = 2 00 Hz.

13b are the force vs displacement and force vs velocity hysteresis
cycles for Ä D 2:0 Hz for the applied current I D 0:2 and 1.0 A. This
model very accurately reconstructs the force vs velocity behavior,
including the preyield hysteresis. The force vs displacement data
are also accurately reconstructed.

IX. Model Performance Assessment
To evaluate the performance of each of the four nonlinear mod-

els, the error between the experimental and the model values for
the equivalent viscous damping and the force time history are
calculated.

A. Equivalent Viscous Damping Error
Of critical importance is the modeling of damping or energy dis-

sipation. Here we evaluate how well the nonlinear models identify
the energy dissipation over one cycle because the cost function for
the parameter optimization techniques was the LMS error in the
prediction of the force time history and not the energy dissipation
over a cycle. The force vs displacementhysteresis cycle behavior is
representedaccurately by the three nonlinear piecewise continuous
models, but the nonlinear viscoelastic plastic model is a much im-
proved model. The accuracy of the nonlinear models at matching
the energy dissipation per cycle is fairly consistent, even though
the force vs velocity hysteresis behavior varies signi� cantly be-
tween the models. Essentially, the postyield behavior of the damper
plays the largest role in describing the energy dissipation, where
the velocity is greatest. All of the preyield behavior occurs at rel-
atively lower velocity, making less of an impact on the damping
performance.

a) Viscoelastic plastic force vs displacement

b) Viscoelastic plastic force vs velocity

Fig. 13 Viscoelastic plastic model reconstructions shown with experi-
mental data for test cases I = 0 2, 1.0 A; X = 2 00 Hz.

To illustrate this, consider Figs. 14a and 14b, which show the
error between the calculated damping from experimental data and
the model during a single cycle of oscillation. Figure 14a shows
the average equivalent viscous damping error for the Newtonian
cases. The error for each model is obtained by taking the average
error for the zero � eld, or Newtonian cases at all tested frequencies,
and the standard deviation for each calculation is shown. As each
model captures the hysteresis behavior more accurately, the equiv-
alent viscous damping error is reduced. The overall performance
for the Newtonian cases improves from 5.9% error for the Bingham
plastic model to 0.1% for the viscoelastic plastic model.

Figure 14b shows the averageequivalentviscousdamping for the
applied current cases, for which the damping error is much lower
than for the Newtonian cases. This difference can be attributed to
the asymmetric behavior seen in the damper when no � eld is ap-
plied. This effect is mainly caused by the nitrogen accumulator
used to prevent cavitation.This asymmetry causes error in the iden-
ti� cation of the model parameters, which are calculated using a
symmetric model. As the applied � eld is increased, the hysteresis
curves become symmetric because the effects of the accumulator
diminish. At higher � eld strengths the model parameters can accu-
rately be determined by the symmetric models, reducing the error.
Figure 14b shows the average damping error for cases with applied
� eld fall between 1.4% for the Bingham plastic model and 0.1% for
the viscoelastic plastic model.

B. Force Error
As stated earlier, the postyield region behavior of the damper

plays the largest role in the damper behavior. The ability of the
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a) Zero � eld or Newtonian damping error

b) Damping error

Fig. 14 Average equivalent viscous damping errors for the identi� ca-
tion data set.

nonlinear models to describe the force vs velocity hysteresis curves
is extremely important in modeling the MR damper. To compare
model performance in the identi� ed force time history, the average
error between the measured and identi� ed force time histories is
calculated. By calculating the force error for each model, we can
get a quantitative measure of how well each model characterizes
MR damper behavior. The force error was calculated using

² D 1
N

N

k D 1

[ f .tk / ¡ Of .tk /]2 fmax (27)

where Of .tk / is the force time history calculatedusing the equations
for each of the models, f .tk / is the measured force, and tk is the
time at which the kth sample was taken. The rms value is then
nondimensionalizedby the maximum measured force. For each test
case of the identi� cation set the force error was calculated for all
four models. These values were then used to calculate an average
error for value of � eld tested.

Figure 15a shows the force error for the Newtonian cases from the
identi� cation data set. Again the error is the largest for the Bingham
plastic model and decreases as the modeling of the preyield region
improves.The error for the Bingham plasticmodel was 29.5% while
the error for the viscoelasticplastic model was 5.5%. The biviscous
and the hysteretic biviscous models fall within the range of error
between the Bingham plastic and the viscoelastic plastic models.

Figure 15b compares the average force error for non-Newtonian
cases for each of the four nonlinear models. Once again the effects

a) Zero � eld or Newtonian force error

b) Force error

Fig. 15 Average force time history error for the identi� cation data set.

of the preyield modeling are seen in the force error. The Bing-
ham plastic model has an average error of 19.4%; with the addi-
tion of parameters and smoothing functions to create the viscoelas-
tic plastic model, the force time history error is reduced to 4.5%.
These results were generallyexpected;however, the performanceof
the hysteretic biviscous model was better than expected with 6.6%
error. For higher � eld cases the nonlinearhystereticbiviscousmodel
performed almost as well as the viscoelastic plastic model.

X. Computational Expense
Determining the model parameters through an optimization

scheme is both time consumingand costly.When consideringwhich
model optimization scheme to use, the tradeoff between model
performance and computational time should be considered.

The nonlinear hysteretic biviscous model has four model param-
eters that must be optimized for every test case. These four model
parametersare essentiallyLMS line � ts to the preyieldand postyield
regionsof the force vs velocitydata. This optimizationis fairly sim-
ple, and the optimization of the four model parameters is very ef� -
cient. In fact the model parametersof the hystereticbiviscousmodel
can be determined graphically with great accuracy.

The nonlinear viscoelastic plastic model is a piecewise smooth
model that has seven parameters. Increasingthe number of parame-
ters increases the computational time required to minimize the cost
function.Optimization time is also increasedbecause the viscoelas-
tic plastic model is a more complex curve � t than the LMS line � t,
which the hysteretic biviscous model uses.

To comparethe two models, theCPU runningtime and thenumber
of � ops for each optimizationschemewere determined for three test
cases representinga low, medium, and a high � eld strength test. The
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applied current values were I D 0:2 A, 0.6 A, and 1.0 A; the fre-
quency for each of these tests was Ä D 2:0 Hz. Table 3 shows the
results from the optimization cases for each model.

Typically the viscoelastic plastic model optimization is 16 times
longer than the nonlinear hysteretic biviscous model optimization
in terms of CPU processingtime and uses three times as many more
� ops in order to minimize the cost function.The main dif� culty that
ariseswith this optimizationscheme,other than actual runningtime,
is choosing of initial conditions for each of the seven parameters.

Dif� cultieswith the optimizationare causedby incorrectlychoos-
ing initial values for each of the seven model parameters. Conver-
gence for the parameters was unlikely to occur if even one of the
initial values was chosen incorrectly.Because four of the model pa-
rameters are basedon the four parametersof the hystereticbiviscous
model, it is almost crucial that the nonlinear hysteretic biviscous
optimization be run � rst to obtain values for those four parameters,
which are in the correct range. As for the other three parameters, a

Table 3 Computation effort comparison for the hysteretic
biviscous and the viscoelastic models

Parameter 0.2 A 0.6 A 1.0 A

Hysteretic biviscous model optimization results
Flops, M 4.6 4.5 5.8
CPU time, s 29 37 43

Viscoelastic plastic model optimization results
Flops, M 12.9 13.3 16.6
CPU time, s 575 593 733

a) Hysteretic biviscous force vs displacement

b) Hysteretic biviscous force vs velocity

Fig. 16 Predicted hysteresis cycles for the hysteretic biviscous model
are compared to those from the validationdata set. Test cases shown are
I = 0 3, 0.5, and 0.9 A, all at 2.875 Hz.

trial and error method was used for these initial values. The sensi-
tivity to initial conditions makes the nonlinear viscoelastic plastic
model optimization scheme both more dif� cult and more time con-
suming to use. Quite often in this study test cases had to be run
several times to obtain an acceptable � t with the experimental data.

The resultsfrom the optimizationsshow that theviscoelasticplas-
tic model gives slightly better results than the hysteretic biviscous
in terms of modeling the damping and force, but a computational
price is paid. The hysteretic biviscous model has an advantagewith
regard to optimization time because of its simplicity. Typically the
performance of the hysteretic biviscous is fairly good with respect
to the modeling of the hysteresis curves, making the hysteretic
biviscous model better for some types of applications. When con-
sidering which model to use, performanceas well as computational
time and expense should be considered.

XI. Model Validation
The four nonlinear models require experimental data consisting

of displacement, force, velocity, and acceleration in order to use
the parameter optimization schemes. The prediction of hysteresis
cycles from already identi� ed model parameters is useful when ex-
perimental data are not available. To validate the model parameters
over the operatingrange of the damper, a validationstudy was done.
For this validationstudy the hystereticbiviscousand the viscoelastic
plastic model parameters from the identi� cation data set were used
to determine offset model parameter values.

To determinetheoffsetmodelparametersfor thevalidation,a two-
dimensional interpolation subroutine in MATLAB was used. Once

a) Viscoelastic plastic force vs displacement

b) Viscoelastic plastic force vs velocity

Fig. 17 Predicted hysteresis cycles for the viscoelastic plastic model
are compared to those from the validation data set. Test cases shown
are I = 0 3, 0.5, and 0.9 A, all at 2.875 Hz.
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the offset parameterswere calculated, they were used to reconstruct
force vs displacement and force vs velocity hysteresis cycles. The
predictedhysteresiscurvesare comparedwith the experimentaldata
from the validation data set. These data were collected at the same
frequency and applied current as the predicted parameters.

Figures 16 and 17 show both the predicted and experimentalhys-
teresis cycles for both the nonlinear hysteretic biviscous and the
nonlinear viscoelastic plastic models. Each of the plots show ap-
plied current of 0.3, 0.5, and 0.9 A, at a frequencyof Ä D 2:875 Hz.

Figures16a and 16b compare the measuredforcevs displacement
and force vs velocity hysteresis cycle, with those predicted using
the hysteretic biviscous model. Figures 17a and 17b do the same
for the nonlinear viscoelastic plastic model. From these plots we
can see that the correlationbetween the predicted and experimental
hysteresis cycles is acceptable.

A. Model Prediction Error
To evaluatemodelperformance,onceagaintheequivalentviscous

damping and the force time history errors are calculated. These
errors will be used to compare the performance of the hysteretic
biviscousand the viscoelasticplasticmodels in the validationstudy,
which are compared with the results of the identi� cation set.

B. Equivalent Viscous Damping Error
The equivalentviscousdamping error for the predictionset is cal-

culated using the same method that was used for the identi� cation
set. The Newtonian test caseswere again separatedfrom the applied
� eld cases because the errors were higher as a result of the asym-
metric behavior of the damper caused by the nitrogen accumulator.

a) Newtonian prediction damping error

b) Prediction damping error

Fig. 18 Average damping error calculated from the predicted models
and the experimental data.

First, examining the performanceof each model in the prediction
set in Figs. 18a and 18b shows the average Newtonian damping er-
ror for the nonlinearhystereticbiviscousand the viscoelasticplastic
models. The zero � eld error for the viscoelastic plastic model is
29.1%; this is much higher than the error for the hysteretic bivis-
cous model, which is 13.8%. Examining the non-Newtonian aver-
age damping errors, the 0.1 A case for both the hysteretic biviscous
and the viscoelasticplastic has errors larger than the higher applied
� eld cases. This is again caused by the asymmetric behavior of the
damper at Newtonian and low � eld conditions. As the applied � eld
increases, the averagedamping error decreases for both models, the
average damping error for the nonlinear hysteretic biviscous model
is 5.1%, and the average error for the nonlinear viscoelastic plastic
model is 6.2%.

To compare the damping results from the identi� cation set with
those from the prediction set, consider Figs. 14 and 18. We can
see that the equivalent viscous damping error is much higher in the
predictionset than it is in the identi� cationset for all � eld cases.The
average Newtonian damping error of the prediction set is 13.8% for
the hysteretic biviscous model; for the identi� cation set this error
is approximately1.5%. For the applied � eld cases the average error
for the equivalentviscousdamping is 0.1% for the identi� cation set;
this error is on average 5.5% for the prediction data set.

Comparing the performance of the viscoelastic plastic model in
the identi� cation and prediction data sets, it is seen that the ability
of the model to predict damping is not as good as the hysteretic
biviscous model. The average damping error of the identi� cation
set was 0.1%, which is much lower than the average damping error
for the validation set, which is 6.2%.

a) Newtonian prediction force error

b) Prediction force error

Fig. 19 Average force time history error calculated from the predicted
models and the experimental data.
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C. Force Error
The force time history error between the predicted models and

the measured force from the validationdata set was calculatedusing
Eq. (27). The results are shown in Figs. 19a and 19b.

The nonlinear hysteretic biviscous predicted model results were
better than the viscoelastic plastic results for the Newtonian cases.
The average Newtonian force error for the hysteretic biviscous
model was approximately 19%, whereas the viscoelastic plastic
Newtonian error was 29.5%. For the applied current cases the pre-
dictionswere much better for both models. As the current increased
the error decreased, and the models performed comparably. For the
higher� eld strengthstheaverageforceerror forbothmodels is 9.5%.
Comparing the force errors from the predictions with the force er-
rors from the identi� cation set, we see that the hysteretic biviscous
model has about the same Newtonian force error in both studies.The
viscoelastic plastic model percent error increased from 4.5% in the
identi� cation to 29.5% in the prediction. The two models perform
comparably in both studies for applied � eld cases.

XII. Conclusions
An MR damperwas characterizedusingequivalentviscousdamp-

ing. This linear techniqueappropriatelyaccounts for the energy dis-
sipated over one oscillation cycle. This model describes the MR
damper as an equivalent linear passive hydraulic damper via the
equivalent viscous damping Ceq . Ceq was shown to be a function of
both the applied magnetic � eld (current) and sinusoidal excitation.
However, theequivalentviscousdampingmodel doesnot accurately
account for either the steady state force vs displacement or veloc-
ity hysteresis cycle behavior. Thus, the strong nonlinear behavior
of the MR damper renders the linearized model nearly useless as a
simulation model. However, Ceq is useful when comparing passive
hydraulic or elastomeric dampers to MR dampers.

Four nonlinear models—the Bingham plastic, nonlinear bivis-
cous,nonlinearhystereticbiviscous,and nonlinearviscoelasticplas-
tic models—were proposed as the underlying model structure of a
system identi� cation procedure using experimental force vs dis-
placement and force vs velocity hysteresis cycle data. These four
modelsall describethe forcevsdisplacementhysteresiscyclesfairly
well, but the nonlinear hysteretic biviscous and the nonlinear vis-
coelastic plastic models improve the reconstruction of the force vs
velocity behavior. Improvements to the nonlinear Bingham plastic
and the nonlinearbiviscousmodelwere made with additionalmodel
parametersand smoothingfunctions.A key conclusionof this study
is that the preyield behavior has a small impact on the damping per-
formance, but has a large impact in understanding the rheological
behaviorof the damper.For the four models the error in the damping
performance was less than 6% for Newtonian cases and less than
1.4% for applied � eld cases.

The nonlinear hysteretic biviscous model has an advantage over
the nonlinearviscoelasticplasticmodel in that the parameterscan be
estimated graphically from experimental data using linear or LMS
� t procedures. Errors between the measured and model equivalent
viscous damping were below 1%, whereas errors between the ex-
perimental force and the model force were typically around 6.6%.
Becauseof the nonlinearhystereticbiviscousmodels ability to char-
acterizedamping, this model is the most appropriateas a simulation
model for steady-state oscillations.

The nonlinearviscoelasticplastic (NVEP) model8;14;15 is a piece-
wise smooth version of the nonlinear hysteretic biviscous model,
which differs in that it is piecewise smooth in velocity. Force vs
displacement and velocity hysteresis cycles were accurately recon-
structed using this model. The energy dissipation error was far bet-
ter for the NVEP model than for any of the other nonlinear mod-
els considered with a typical error less than 0.1%. The nonlinear
viscoelastic plastic model also outperformed the nonlinear piece-
wise continuous models when reconstructing the force vs velocity
hysteresis cycles. The average force time history error for the iden-
ti� cation data set was 4.5%; this was on average 3% better than
the nonlinear hysteretic biviscous model for higher � eld cases. The
difference between the errors is even greater for low � eld cases.

A prediction study was also done using the nonlinear hysteretic
biviscous and the nonlinear viscoelastic plastic models. These two

models were chosen because of their superior performanceover the
Bingham plastic and nonlinear biviscous models in reconstructing
the force vs velocity hysteresis cycles. Predicted model parameters
were interpolatedusing the parameters identi� ed using the identi� -
cation data set. The values for the parameters were interpolated for
intermediate current and frequency values. Hysteresis cycles were
reconstructedfrom predicted parameters and compared with exper-
imental data collected from the MR damper in the validation data
set. Results of the prediction study show that the models performed
comparably.Althoughpredictionerrorsof equivalentviscousdamp-
ing and force were higher than those errors in the identi� cation set,
the errors are still typically less than 10% for higher � eld cases.
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